Distilling angular momentum nonclassical states in trapped ions 



B. Militcllo 1 and A. Messina 1 

1 INFM, MIUR, and Dipartimento di Scienze Fisiche ed Astronomiche 
dell'Universita di Palermo, Via Archirafi, 36, 1-90123 Palermo. Italy 

In the spirit of Quantum Non-Demolition Measurements, we show that exploiting suitable vibronic 
couplings and repeatedly measuring the atomic population of a confined ion, it is possible to distill 
center of mass vibrational states with well defined square of angular momentum or, alternatively, 
angular momentum projection Schrodinger cat states. 
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I. INTRODUCTION 

The harmonic oscillator is the very archetypical and 
basic system both in quantum and classical physics. In 
fact, not only it provides a good description of a physical 
system 'moving' in the nearby of a minimum of its poten- 
tial energy, but in addition it describes the independent 
modes of the electromagnetic field, throwing a bridge be- 
tween (quantum) mechanics and (quantum) electrody- 
namics. 

Today it is possible to confine an ion into a Paul trap 
in such a way that its center of mass behaves as a three- 
dimensional harmonic oscillator 0, 0. A trapped ion, 
besides these vibrational degrees of freedom, possesses 
fermionic dynamical variables too, related to its internal 
state. 

In such a physical context a wide variety of schemes 
for generating both classical and nonclassical states have 
been proposed and practically realized 0, 0, EJ B • We 
mention here coherent, Fock, and squeezed states [jj, and 
Schrodinger Cat states involving entanglement between 
the internal degrees of freedom (the atom) and the cen- 
ter of mass quasi classical motion (two motion coherent 
states playing the role of the two cat's conditions 'alive' 
and 'dead' are considered) [|| . Moreover coherent super- 
positions of macro scopically distinguishable states, often 
referred to as Schrodinger Cat states too, have been re- 
ported. In particular it has been proposed the generation 
of the superposition of two harmonic oscillator energy 
cigenstates characterized by opposite angular momentum 
projections corresponding to clockwise and counterclock- 
wise center of mass motions 0, H|- Such a generation 
scheme, assuming that the trapped particle is completely 
'isolated', involves a long time interaction. Moreover it 
requires a high degree of accuracy in chronological con- 
trol of the experiment, in the sense that the system is 
described by the 'Cat' state during a very small time 
interval. Such critical points may be overcome exploit- 
ing distillation processes 191 largely used in applications 
for quantum technology |lfj, i.e. quantum computation, 
quantum information and quantum teleportation. 

Generally speaking, distilling a state means nothing 
but extracting it from the initial state of the system, pro- 
viding in some sense the realization of projection opera- 
tors. A wide class of distillation processes are based on 



the idea that a physical system, the Slave (S), in inter- 
action with a repeatedly measured one, the Master (M), 
undergoes a non-unitary evolution provoking the decay of 
most of the quantum states (the 'residual') in favor of few 
preserved ones (the 'distillate') [T^. The relevant selec- 
tion rule is related to both the specific Master-Slave inter- 
action and the Master measurement results. As a very 
famous example we mention Quantum Non-Demolition 
Measurements (QND) largely used for instance 

in trapped ions for generating Fock states 0, 113 EH 

In this paper we give the general sketch of a distillation 
strategy developing the analysis in the specific framework 
of a wide class of vibronic couplings which are realiz- 
able in the context of trapped ions. The statement of 
this general approach is then exploited in different ap- 
plications. After revisiting the QND scheme, the possi- 
bility of generating a superposition of those Fock states 
whose quantum numbers correspond to 'perfect squares' 
is proved. The crucial result of this paper is presented in 
the third section wherein the previously mentioned gen- 
eration of angular momentum Schrodinger Cat states in 
two-dimensional traps is reported. The class of distilled 
'Cats' turns out to be more general than that generated 
by the method in ref ||- Indeed, in our case, a higher 
level of controllability of the quantum phase between the 
two terms of the superposition is obtained. The efficiency 
and the fidelity of the method are discussed and shown 
to be good enough. In the fourth section the distilla- 
tion procedure is applied to a three-dimensional isotropi- 
cally trapped ion, providing the possibility of generating 
cigenstates of the square of the orbital (i.e. related to 
the center of mass motion) angular momentum. Finally, 
in the last section, some conclusive remarks are given. 



II. DISTILLATION PROCESSES IN TRAPPED 
IONS 

In a Paul trap a time dependent inhomogeneous 
(quadrupolar) field is able to force a charged particle to 
move approximately as a harmonic oscillator. Hence an 
ion confined in such a device provides a compound sys- 
tem possessing both fermionic (electronic) and bosonic 
(vibrational) degrees of freedom. The first ones describe 
the internal state of the ion, i.e. the motion of the elec- 
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trons around the nucleus, and in most of the cases may 
be represented as a two-level system. The other degrees 
of freedom describe the oscillatory motion of the ion cen- 
ter of mass. The relevant unperturbed hamiltonian is ex- 
pressible as (h= 1) 



H 



E~ t - , w o - 
na\(H + — cr 3 



(1) 



i=x,y,z 



where z/,; are the center of mass harmonic oscillator fre- 
quencies, ai (dj) the related annihilation (creation) oper- 
ators, ujq is the Bohr frequency between the two atomic 
levels considered, and 173 is the diagonal Pauli operator. 

Acting upon the system through laser fields, it is pos- 
sible to implement a wide variety of vibronic couplings 
whose features depend on the laser frequencies, wave- 
lengths, polarizations and strengths. Generally speaking, 
the i7o _ interaction picture hamiltonian model evaluated 
in the Rotating Wave Approximation (RWA) turns out 
to be time-independent and expressible as PISH 



H v = 7f2<7 + + h.c. 



(2) 



where a + = |+) (— | (<J- = |— ) (+|) is the Pauli rais- 
ing (lowering) operator, |±) being the internal ionic 
states, and 7 is a positive coupling constant related to 
laser intensities and initial phases. The generic time- 
independent vibrational operator Cl is a function of the 
annihilation and creation operators {at} U {aj}. Its spe- 
cific form is determined once the specific laser field con- 
figuration is given Q . 

Assume the fermionic part of the compound system 
(M) is initially in the state |+), hence starting with the 
density operator 



pv 



(3) 



p v being the initial vibrational state (the initial state of 
S). Let the system evolve under the action of the hamil- 
tonian H v {MS interaction) for a time r, and then mea- 
sure the internal ionic state. Assume the system is found 
in |+), and then let again the system evolve in accor- 
dance with H v for a time r, and measure the fermionic 
state finding it in |+), and so on N times. 

Under these assumptions, the system undergoes the 
non-unitary evolution described by 



wi N \r) = ^ N [\+) (+|e 
which may be cast in the form 



--iff- 



N 



wl N \r) = H N V(t) l+X+l 



N 



with 



and H 



V(t) 



1+) 



(4) 



(5) 



(6) 



nN 1 
k=l VPk 



pk being the probability of 

finding the ion into the state |+) at the A:th measurement 
step. 



It is straightforward to prove that: 

Hl=f (fitft|-)<-|+Qfit|+) (+| 



ffitfi 



from which it immediately follows, 

#„ 2 " +1 |+) =6 

H% n |+) = 7 2 " 



(7) 



(8) 



(9) 



On the basis of these results, the unitary evolution 
operator associated to H v , 



ra=0 

restricted to the 



(2n) 



fr2n+l _2n+l 



n=0 

Master state, furnishes 



(2n+l)! 



V(r) 



cos I 7T 



(10) 



(11) 



Such a non-unitary operator is a real function of the 
hermitian non-negative operator ClCv, and hence is her- 
mitian too, and its eigcnsolution problem is strictly re- 
lated to that of ClW (same eigenstates, different eigen- 
values). 

Let us denote by \u>k) and lu^ the eigenstates and the 
eigenvalues of CtCt^ respectively, and accordingly give the 
spectral decomposition ClW = J^k^k \^k) (<^k\- Choose 
the interaction time r in such a way that for some k it 
results I cos(7T v /o}fc)| = 1. 

Thus, for large enough N it turns out 



cos 



N 



( 7 rV^) = (-1)^ kel(r) 



cos N (yr^/ulk) « 



k /LI{t) 



where 



I(t) = {k : jTy/uJk = hn, l k eZ} 



(12) 



(13) 



Finally one has the following non-unitary action on the 
compound system: 

wi N \r) « H W |+) (+| J2 (- 1 )'" JV l*>*> M ( 14 ) 

kel(r) 

which is equivalent to the following non-unitary action 
on the Slave: 



V N (r) « £ 

kel(r) 



N 



Nfe) {u>k\ = e 



= *- ip d Gp dp d (15) 



G being a suitable hermitian operator whose restriction 
PdGP d to the subspace P d = J2kei( T ) \ w k) (oJk\ generates 
a unitary transformation into the target subspace. When 
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all Ik ■ N are even it turns out e lPdGPd = 1, and hence 
V N (r) « P d . 

It is worth noting that in order to obtain the final re- 
sult of the distillation process we do not need detailed 
knowledge of the dynamics induced by the hamiltonian 
in eq.©, but just the diagonalization of the positive hcr- 
mitian operator ClW . This simplification shall reveal to 
be very effective and useful. 

It deserves to be remarked that the distillation is a con- 
ditional procedure in the sense that its success depends 
on N stochastic events. In other words, it is required that 
the electronic system (M), at each measurement act, is 
always found into the upper level |+) . Otherwise the pro- 
cedure fails. Moreover, the procedure is substantially the 
realization of a projection operator, hence, for the process 
being successful, the distilled states should be present in 
the initial vibrational condition p v . Both these problem- 
atic aspects of the method are solved considering that, as 
in the case of QND, the joint probability of finding the 
Master system in its initial state at each step (OfcLi Pk) 
tends, in the limit N — ► oo, to the probability of finding 
the target state (i.e. the 'distillate') into the initial Slave 
state (see appendix |A"|) . that is 



N 

n 

fe=i 



Tr s {p v Pd} 



(16) 



being Trs the trace operation over the Slave degrees of 
freedom. 

The quantity in eq. jTSjl expresses the efficiency of the 
distillation process, that is the probability of distillation 
success. Incidentally, eq.^BJ) explains also the fact that 
QND may be used in trapped ions both as a strategy 
for generati ng s tates and for measuring vibrational state 
populations 



A. Quantum Non-Demolition Measurements of 
Single Fock States 

Let us consider as a specific example of this theory the 
standard Quantum Non-Demolition Measurements. 

Consider a laser field directed for instance along x, and 
tuned to the atomic Bohr frequency luq. The relevant 
vibronic coupling has the form [3j 



H v = ^f(a x a x , r] x )& + + h.c. 



(17) 



where 



f(ala x ,r] x ) = e ? 

1=0 

oo 

= 5><?>(»£)|n><n| 



(18) 



where Ln\r] x ) is a Laguerre polynomial r\ x being the 
Lamb-Dickc parameter defined as the ratio between 



the dimension of the oscillations of the ion center of 
mass in its ground vibrational state, and the laser field 
wavelength. Referring to cq.(j2J we have Cl = W — 
f(a x a x ,r] x ) ) so that it results 



V(t) = cos [^Tf(a x a x ,r] x )\ 



(19) 



It is easy to see that when rj x <C 1 the function f(n,r] x ) 
approaches unity for any n, otherwise such a function is 
strongly nonlinear, and it turns out that different values 
of n give rise to incommensurable values of /. Therefore 
it is possible to choose the interaction time t in such a 
way that jTf(fi x ,r] x ) = 2n, and jTf(n x ,n x ) ^ l n -n for 
any n ^ fi, obtaining, for large enough N, 



cos 



b/rf(rj x ,n)] = 1 
b^Zfe,™)] ~ 



(20) 



This provides the decay of the Fock states \n ^ n) in 
favor of the selected state In). 



B. Distillation of 'Perfect-Square' Fock states 

As another application consider the action of a laser 
field again directed along x but tuned to the first blue 
sideband, i.e. tuned to the frequency coq + v x . In the 
Lamb-Dicke limit, i.e. assuming rj x 1, the interaction 
picture hamiltonian model turns out to be approximately 
the Anti-Jaynes-Cummings model: 



r ya x a + + h.c. 



(21) 



This means that f2 = a x . Therefore, the relevant V(t) is 



V(t) = cos 



(22) 



It is straightforward to prove that, if 7T = 2t: is chosen, 
it results 



cos^ [jTy/n)] = 1 if n is a square 



-.N 



[7Ty / n)] w otherwise 



(23) 



Therefore the distillation procedure extracts the per- 
fect square Fock states provoking the decay of all non- 
perfect square number states. 



III. DISTILLING TWO-DIMENSIONAL 
ANGULAR MOMENTUM SCHRODINGER CATS 

Let us now go through one of the two main results 
of this paper. It concerns the distillation of superposi- 
tions of vibrational states corresponding to bidimcnsional 
trapped ion center of mass motions characterized by well 
defined vibrational total excitation number and opposite 
projections of the angular momentum. In this sense we 
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succeed in distilling angular momentum Schrodinger Cat 
states. A scheme for generating such a kind of superposi- 
tions has been already proposed @- In fact, starting from 
a specific initial condition (a Fock state), and subjecting 
the system to the action of a bilinear two-mode Jaynes- 
Cummings-like hamiltonian model (oc a x a y a+ + h.c), at 
some specific instants of time the ion center of mass is 
found in the mentioned 'Cat'. Nevertheless, such a proce- 
dure requires a very high degree of accuracy in temporal 
control of the experiment. We propose here to exploit 
the general distillation strategy to extract the same state 
generated with the recalled scheme. Moreover, the class 
of states we succeed in generating is wider than the pre- 
viously mentioned. In fact, the phase relation between 
the two terms of the superposition is in our case very 
easy to control. 

Consider an isotropic bidimcnsional Paul trap, that is 
assume for instance v x = v y = v and neglect the mo- 
tion along z. Act on the system simultaneously through 
two laser beams both tuned to the second red sideband 
luq — 2v. Let the two lasers be responsible for the same 
coupling strength. The relevant interaction hamiltonian 



H v = 7 (al + &l) a+ + h.c. (24) 

Observe now that the operator 00^ may be cast in the 
form 



(25) 



way that 2^/Ejt = 2n one easily distillates, up to a global 
phase factor, the superposition 

\ipdist) = -j= [\n T = 4, m = 4) + \n T = 4, m = -4)] 

(26) 

which, as announced, is just an angular momentum 
Schrodinger cat superposition. 

Straightforwardly one obtains that the efficiency of the 



distillation is 



4^ 



+ 



4 2 



and that, after N = 5 steps, 



the Schrodinger cat state is distilled with a 5%-error. 

In this specific example the relative phase factor be- 
tween the two states of the superposition turns out to 
be 1. Nevertheless, selecting a different direction of the 
initial motion, it is possible to change the relative phase 
between the two states in the initial condition and hence 
in the distilled superposition. In particular, denoting by 
9 the angle between the direction of the initial motion 
and the x axis, it results that the relative phase between 
the two states of the distilled superposition is 2ut9, giv- 
ing 



\'J' 



1 



(list I 



T2 [WT 



j,k=x,y 



4, m = 4) + e m \n T = 4, m = -4)] 

(27) 

To prove such an assertion it is enough to consider that 
both a Fock state directed along the direction rotated of 
9 around z with respect to the x axis, denoted by \ng), 
and the angular momentum cigenstates of maximum pro- 
jection \tit, m = ±nr), are SU{2) states^?] expressible 
as 



I \ a r al — a„al] 



being Nt = a\.a x + a y a y , and L z = i [a x a y 

On the basis of ea. (|25|l it turns out that, suitably 
choosing jt, the distillation process in this case may 
preserve those states characterized by specific excitation 
number (jit) and angular momentum projection (m), de- 
noted by \i%T,m), such that 7ry nf, + Aut — m 2 + 4 = 
Z m 7r, l m being an integer. Observe now that both m 
and —to eventually satisfy such a relation. Moreover, 
that in general for different nx and/or absolute value 
of m the relevant square roots result to be incommen- 
surable. Therefore experimental details, like coupling 
strength coupling (7), interaction time (r), etc., may be 
adjusted to project the system into the bidimcnsional 
subspace generated by {|nr,±m)}, in accordance with 
ea. (|12|l . Thus, if the initial condition is a state whose 
overlaps with \i%t, ±m) have the same modulus, the dis- 
tilling procedure returns the 50%-superposition of such 
angular momentum eigenstates. 

As a very specific example consider the trapped ion 
prepared in the Fock state possessing ut = 4 vibra- 
tional excitations and directed along x, \n x = A,n y = 0). 
Such a state is expressible as a superposition of the states 
\nr = 4, m) with m = 0, ±2, ±4. It is straightforward to 
calculate (tit = 4, m = ±4| n x = 4, n y = 0) = \, and to 
verify that the 'square roots' corresponding to different 
absolute values of m are incommensurable (2v / 5, 4v2j 6 
for m = ±4, ±2,0 respectively). Adjusting r in such a 



Ut 



1 



TIT 



(1 



H 2 )^ to 



k 



\i k \n T - k, k) 
(28) 

For fi — tan 6* one has 'rotated Fock states' (\ng) 
= \n = tan#, j = 3 1 )), that is an eigenstate of the 
number operator associated to the annihilation oper- 
ator ag = [cos 9(x x -\- sin 9ct y ] . For fj, = ±i one 
has maximum projection angular momentum eigenstates 
( J tit , to = ±?t,t) = I A* = J ' = I! 2~) 0- which may be 
directly verified. Their overlap is easily appraisable (see 
appendix 0) and it turns out 



(riT, m = ±tit| ng) = 



1 



Therefore, as anticipated, the relative phase between 
the two angular momentum eigenstates in both the initial 
and the distilled states is £(#) = 2nx9. 

The efficiency (|) and the agreement (5% after N = h 
steps) are the same as in the particular case 9 = 0. 



IV. DISTILLING THREE-DIMENSIONAL 
ANGULAR MOMENTUM EIGENSTATES 

The last application we present in this paper concerns 
the possibility of generating tridimensional states of mo- 
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tion characterized by well defined vibrational total ex- 
citation number and square of angular momentum. To 
this end consider an isotropic tridimensional Paul trap 
(i> x = v y = v z = v) which may be easily realized adding 
to the standard quadrupolar sinusoidally time-dependent 
electric field, a quadrupolar static electric field jlSj . 

The action of three orthogonally propagating lasers 
tuned to the second red sideband produces the tridimen- 
sional generalization of the coupling term in ca. (|24f) . i.e. 
the vibronic coupling in eq.Q with 



Few algebraic manipulations give 



d 2 



N4 



5N T - L 2 



(29) 



(30) 



j,k=x,y,z 



being Nt 



L 



dial 



a k a 



£j "]'>.r and L = 

t 



L x ,Ly,L z ) with 



for (j, k, I) = (x, y, z) and cyclics. 



As in the bidimensi onal case, the incommen surability 
of the square roots \Jn\ + 5ut — Z(Z + 1) + 6 for differ- 
ent values of tit and / ensures the possibility of extracting 
prefixed states. Here tlt and / are the vibrational total 
excitation and the angular momentum square quantum 
numbers. As a consequence, a single value of square of 
angular momentum may be selected. On the other hand, 
the circumstance that the eigenvalues of L z (or of any 
other component) do not appear in the square root im- 
plies no selection of its eigenstates. Therefore, in general, 
the result of the distillation process is a generic linear 
combination 



\4\ 



dis I ) 



c m \n T ,l,m) 



(31) 



involving states possessing well defined (i.e. the same for 
all) Nt and L 2 but different angular momentum projec- 
tions. 

As an example we mention that starting with the 
Fock state \n x = 2,n y = n z = 0), and choosing r such 
that 7t2\/5 = 2tt, it is possible to distillate the state 
\riT = 2, 1 = 0, m = 0) with an efficiency |. 

In passing we observe that, since the target angular 
momentum is I = 0, the distilled subspace turns out to 
be one-dimensional without ambiguity for the projection 
(m = 0). 

It is worth noting that angular momentum eigenstates 
arc in general strongly entangled states in the Fock ba- 
sis. Hence, their generation provides an effective strategy 
for tridimensional entangled-states preparation. Accord- 
ingly to our example, consider indeed the Fock-basis ex- 
pansion of the distilled state, 



\n T =2,1 = 0, m = 0) 



1 

75 



|2, 0,0) + |0,2,0) + |0,0,2)] 
(32) 



It turns out that the spherically symmetric angular 
momentum eigenstate considered, \tlt — 2, 1 = m = 0), is 
a strongly entangled state involving the three orthogonal 
motions of the ion center of mass, possessing the same 
structure as a W-state fl9j . 

In this case, after N = 5 steps one reaches the target 
state in ea. (|32|l with less than 4% error. 

The action of the two- and three-dimensional reported 
distillation processes may be in principle combined in 
order to realize tridimensional center of mass motion 
'Scrodingcr cats' characterized by well defined vibra- 
tional excitations and square of angular momentum, but 
involving states with opposite projections of angular mo- 
mentum. 



V. DISCUSSION AND CONCLUSIVE 
REMARKS 

In this paper we have presented a new strategy for dis- 
tilling single harmonic oscillator nonclassical states hav- 
ing the form of superpositions of macroscopically dis- 
tinguishable angular momentum eigenstates (namely an- 
gular momentum Schrodingcr Cat states). We more- 
over succeeded, in the framework of the same distilla- 
tion method, to synthesize states possessing well defined 
square of angular momentum. The physical scenario 
wherein these results have been presented is that of a 
single trapped ion - whose center of mass moving in 
the trapping potential is the harmonic oscillator under 
scrutiny. 

The general distillation strategy that we use, recalled 
in the second section, exploits repeated measurements on 
a system in interaction with the one where we want to ex- 
tract some interesting states. In fact, in such a situation, 
the latter system undergoes a non-unitary evolution pro- 
voking the decay of the undesired states, keeping in life 
only few states (the 'distillate'). Giving an explicit ex- 
pression of the non-unitary operator is not always a triv- 
ial job. Moreover, due to such a non-unitariness, in some 
cases it is impossible to perform its spectral decomposi- 
tion. Nevertheless, in the framework of the spin-boson 
interaction, and in particular in the context of trapped 
ions, we succeed in providing a very manageable expres- 
sion for the effective non-unitary operator acting upon 
the bosonic system (the center of mass motion) when the 
fermionic system (the atomic internal state) is repeatedly 
measured. Such a very expressive and useful result, given 
in ea. (|ll|l . guarantees the possibility of obtaining the 
spectral decomposition of the non-unitary operator act- 
ing upon the system of interest, V{t) = cos(~{t\/ ClCtf), 
tracing such a problem back to the spectral decomposi- 
tion of the positive hcrmitian operator ClCl' . Therefore 
we have at our disposal a powerful tool to forecast and 
control (suitably setting the coupling strength, 7, and the 
interaction time, r) the result of the distillation process. 

Exploiting the potentialities of ea. Hll|) . in the third 
section we have found that in a bidimensional isotropic 
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trap a suitable two-mode vibronic coupling is responsible 
for distilling superpositions of vibrational states possess- 
ing opposite angular momentum projections. Moreover, 
as reported in the fourth section, the analogous (mutatis 
mutandis) interaction in an isotropic tridimensional Paul 
trap renders it possible the extraction of center of mass 
motion states possessing well defined excitation number 
and square of angular momentum. In a specific men- 
tioned example such a state turns out to have the struc- 
ture of a W-state. 

As a conclusive remark we state that, since in general 
the number of steps required to distillate the target sub- 
space is very small (in the considered examples N = 5 to 
have 95% fidelity) the duration of the experiment turns 
out to be short enough to legitimate neglecting decoher- 
ence. 



APPENDIX A: DISTILLATION EFFICIENCY 

In this appendix we prove the limit expressed by 
ea. (|16J) . Assume the system prepared, for simplicity, into 
the pure state IV'o) = \fo) \+), \<Po) being the initial 
vibrational state. The probability of finding the Mas- 
ter system (fermionic degrees of freedom) in |+) after 

the unitary MS interaction is p\ = || (+| e~ lHl,T \yj ) || 2 
= \\V(T)\tp )\\ 2 , || • || 2 = |<-|-)| 2 denoting the rele- 
vant Hubert space 'norma' . The resulting 'collapsed' 



state is |-0i) = 



V(t)\<po) 



the second step one obtains p2 = 
^ll^ 2 (r)|^o)l|| 2 ,and|^) = 7 = 



?1P2 



Immediately after 

-le-^lVr)!! 2 = 
V 2 (T)\<p }]\+). 



In general it is 



1 



Pn 



POpl • -pn-1 



■\\V n (r)\<Po) 



1 



v n \v )\+) 



(Al) 



(A2) 



From ea. ljAlf) it follows 



N 



N-l 



\ pk = pn n pk = \\v n (t) \<p ) 



(A3) 



fe=i 



fe=i 



Considering the limit N — > oo, we can take advantage 
of ea. (|15f) easily obtaining 



N 



| Pk ~ \\Pd \<Po) 



(A4) 



k=l 



which expresses the same content of ea. <|16[) . 



APPENDIX B: OVERLAP BETWEEN SU(2) 
STATES 



In this appendix we give the general expression of the 
overlap between two two-mode SU (2) states, and calcu- 
late the phase between the maximum projection angular 
momentum eigenstates and the rotated Fock states. 

From the definition in ea.l|28|). the overlap is easily 
calculated as 



(Mil ill M2, 32) 



(1 + MlM2) 2i 



(l + HW + M 2 )^ 3un 

In the case [i\ = ±i and fj.2 = tan# one obtains 

(1 Ttan6») 2j ' 



(Bl) 



(Mi = ±hj\ M2 = tan6», j) 



2J'(1 + tan 2 



Vl + tan 2 9 eT* 
2i(l + tan 2 6»)J 



2j 



,Ti2j6 
23 



(B2) 



Therefore, the phase difference between the coefficients 
of the SU(2) states with \i = +i and \i = —i contained 
in |/i = tan 6, j) results to be Aj6 = = 2n T 6. 
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